Feature Article

In 2016, the Division of Theoretical Physics (DTP), in partnership with the Winnipeg Institute for Theoretical Physics (WITP),
created a PhD Thesis Prize competition for the best thesis in theoretical physics by any student receiving their PhD degree
from a Canadian university in the current or prior calendar year (see http://www.cap.ca/en/div/dtp/thesis-prize). The DTP is
pleased to announce that the recipientofthe 2015-16 DTP-WITP Thesis Prize isVincent X. Genest. Dr. Genestwas awarded
his PhD by the Université de Montréal in 2015 for the work “Algebraic Structures, Superintegrable Systems and Orthogonal
Polynomials". A summary of Dr. Genest's thesis work appears below.

Algebraic Structu res, Superinteg rable

Systems and Orthogonal Polynomials

by Vincent X Genest

he search for exactly solvable systems and their
analysis has a long-standing tradition in mathemat-
ical physics. This is so because the study ofexactly
solvable models provides significant insight into
fundamental principles, but also because these models form a
bedrock for the study of symmetries. Indeed, exact solvabil-
ity is often made possible by the presence of symmetries,
which can be described by algebraic structures (e.g. Lie
groups). In many cases, observables in exactly solvable
models are expressed in terms of special functions (e.g.
orthogonal polynomials), whose analytic properties encode
the symmetries ofthe system. The interaction between these
elements can be presented schematically as follows:

Summary

This article gives a peek at some of the results of
the thesis "Algebraic Structures, Superintegr-
able Systems, and Orthogonal polynomials”.
The thesis won the 2016 CAP-DTP/WITP Thesis
Prize, as well as the 2016 Doctoral Prize from the
Canadian Mathematical Society.

unravelling new exactly solvable and superintegrable
models, new symmetries, new algebraic structures and
their representations, as well as new families of orthogo-
nal polynomials, and exploring their import to all the
other fields of the above diagram is the leitmotiv of my
thesis. The thesis is comprised of 28 articles written in
collaboration with other physicists and mathematicians,
and is concerned with the following topics:

1 Thealgebraic characterization of families ofmultivariate
orthogonal functions and their applications to physics.

2. The study of the Bannai-lto algebra and its relation
with the Bannai-Ito hierarchy of univariate orthogonal
polynomials, as well as its relation to novel families of
exactly solvable and superintegrable quantum systems.

3. The determination of the link between quantum
superintegrable systems with 2nd order constants of
motion and the recoupling of Lie algebra and super-
algebra representations.

4. The study of the symmetries and algebraic structures
associated to 2D and 3D Dunkl-type systems, which are
governed by Hamiltonians involving reflection operators.

5. The algebraic characterization of matrix multi-
orthogonal polynomials and their applications to
squeezed-coherent states for finite oscillator models.

Inthe interest ofbrevity, | shall here touch upon a small subset
ofthe novel results obtained in regards to the first two topics.

MULTIVARIATE ORTHOGONAL
POLYNOMIALS AND APPLICATIONS

In a series of papers [1~3], we considered matrix elements
of the unitary representations of the rotation, Lorentz and
Euclidean groups on oscillator states. We showed that
these matrix elements have the general form
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where PM (xi,x2; - - . xd) are orthogonal polynomials in
the discrete variables x, e {1, 2, --.}, where v(x1x2 --. xd) is
their orthogonality weight, and where U(g) stands for the
unitary representation of the group element g. For the rotation
and Lorentz groups, the polynomials were respectively identi-
fied as the multivariate Krawtchouk and Meixner polynomials.
This physical interpretation involving the oscillator states
allowed to completely characterize these polynomials, to
derive new properties, and to cast them in a clear physical
framework. In the case ofthe Euclidean group, the analysis led
to the discovery and characterization of a new family of
multivariate Charlier polynomials. As for direct physical
applications, the 2-variable Meixner et Charlier polynomials
were seen to arise as the exact solutions in discrete oscillator
models that share the same SU(2) symmetry as their continuous
analog; see for example[4]. The 2-variable Krawtchouk poly-
nomials played a central role in the design of a two-
dimensional spin lattice that exhibits a kind of perfect state
transfer[5].

A DUNKL-DIRAC EQUATION AND THE
BANNAI-ITO ALGEBRA

In[6], we considered the null-solutions of the so-called Dirac-
Dunkl operator in R3 associated to the reflection group Z2.
These null-solutions C satisfy the equation DW = 0, where D is
the Dirac-Dunkl operator defined as

D = r1T1+ r272+ r3T3.

In the above, s, are the Pauli matrices and T, are the Dunkl
operators

T=0@ 1@1-r),
Xl.
where d, is the derivative with respect to the coordinate x,,
where p\, n2, m3 are positive parameters and where r, is the
reflection operator in x,, e.g. rif(x1, x2, x3) = f( —x1, x2, x3).
As a result, this operator can be viewed as a three-parameter

REFERENCES

.. (Genest)

deformation ofthe Dirac operator in R3; its spherical component
can similarly be interpreted as a three-parameter deformation of
the spin-orbit Hamiltonian. We constructed a complete set of
constants of motion that commute with D and showed that these
symmetries, denoted by K1, K2, K3 (with [K, D] = 0 for
i = 1, 2, 3) satisfy the Bannai-Ito algebra

{KLK2} = K3+ d3,{K2,K3} = K1+ d1 {K3,K1} = K3+ (8

where {A, B} stands for the anticommutator, and where

d3 are central elements (which are constants on the null-
solutions C). We constructed an explicit basis for the null-
solutions C involving Jacobi polynomials, and showed that
these solutions transform irreducibly under the action of the
Bannai-Ito algebra.

The Bannai-Ito algebra is one example of the novel algebraic
structures that was uncovered in my thesis and related to
several exactly solvable and superintegrable systems. As an
example, this algebra was also seen to arise as the invariance
algebra for a system three para-Bose oscillators[7].

CONCLUSION

In my thesis, | explored the deep interplay between exact
solvability, symmetries, algebraic structures and their repre-
sentations, and special functions, in particular orthogonal
polynomials of one or many variables. There is no doubt to
me that there is still much to explore in that area. Furthermore,
one can expect that the novel algebraic structure exhibited in
my thesis, in light of their naturalness, will emerge in other
applications to mathematics or physics.
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