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INTRODUCTION

Starting w ith  the d iscovery of the 
Quantum Hall Effect at the beginning of 
th e  1 9 8 0 ’ s, t he f i e l d  of  l o w  
dim ensionality electron systems has 
known an incredible expansion. In 
sem iconductors, the confinem ent of 
charge carriers in tw o  or few er 
dimensions provides added richness from  
both the fundamental and the applied 
physics v iew po in t. Solid state vocabulary 
has expanded to  include the integer and 
the fractional Quantum Hall Effects 
(IQHE, FQHE), skyrm ions, com posite 
fe rm io n s , h igh  e le c tro n  m o b ility  
transistors (HEMT), modulation doped 
field e ffect transistors (MODFETs), 
resonant tunneling diodes (RTD) etc. In 
the quantum lim it of low  temperature and 
fin ite  magnetic field where the m obility  μ  
and the magnetic field B are such that 
μ Β > > 1 ,  charge carriers confined at the 
interface between tw o  sem iconductors or 
between a sem iconductor and an 
insulator behave as a gas of non­
interacting particles (electron gas), while, 
in the extreme quantum lim it where the 
cyc lo tron energy h(oc is much larger than 
the thermal energy kBT, the fluctuations 
promote the form ation of a liquid state. It 
was natural then to look fo r the third 
state of m atter, the solid in tw o  dim en­
sions. This idea was not new, as it had 
been addressed by Eugene W igner in 
1934 [1] fo r three dimensional metallic 
systems. W igner predicted tha t, at zero 
magnetic fie ld, the density of the carriers 
could be reduced such that the Coulomb 
exchange would be larger than the 
thermal disordering energy, thus favoring 
the crysta llization of electrons onto 
la ttice sites. This was later applied to the 
tw o -d im e n s io n a l case w h e re  the 
conditions fo r observing the electron 
solid are less stringent than in three 
dimensions 12,31-

BACKGROUND

There are tw o  regimes fo r the form ation 
of a solid phase depending on whether 
the com peting fluctuations are thermal or 
quantum in nature.

(a) In the classical regime, the zero point 
energy is much smaller than the thermal 
energy kBT :

kBTF =  t f  /<m *a 2) < < kBT

where a =  (π η ,)1* is the radius of the 
W igner-Seitz cell, n, is the carrier density, 
Tf is the Fermi tem perature and m *  is the 
effective  mass. The parameter of interest 
is the ratio between the Coulomb 
corre lation energy and the thermal 
disordering energy. This is expressed as:

Γ  =  V J lk J )

where Vc ~  e?M a and ε is the d ielectric 
constant.

When Γ is large, the form ation of a solid 
is favored over that of the liquid. 
Electrons on a helium film  provided the 
firs t observation of a classical W igner 
solid at zero magnetic field and the 
melting temperature was found to occur 
at Tw  = Vc / ( T J t j  w ith  r m =  1 2 7 ± 3  
I4-8I.

(b) The quantum regime occurs at low 
temperatures when T <  <  TF and the 
parameter of interest is the ratio of the 
W igner-Seitz radius, a to the Bohr radius 
aB:

r, =  a /aB =  Vc/(kBTf)

and

a B =  tfe  / le fm  *)

The electrons order into a W igner crystal 
when r3 is large and the Coulomb 
corre lations dominate; as the carrier 
density increases and r, decreases the 
quantum fluctuations grow  until the long 
range order disappears and the solid 
melts. This occurs at a critica l value r “  
= 3 7 ±  5  or critica l density t f  =  π /(r ,n 
a j 2 as determined by a fin ite  size, zero 
temperature calculation [9],

(c) It is also possible to induce the 
crysta llization of electrons by applying a 
magnetic field perpendicular to the layer 
and localizing the electrons w ith in  a 
magnetic length tc =  /hc/eB)h, smaller 
than the W igner-Seitz radius a . The 
quantum fluctuations are quenched and 
there is little  overlap between the 
electron wavefunctions. The ratio of the 
zero point energy to the magnetic or 
cyc lo tron energy hcocwhere a>c =  eB /m *c  
is provided by the filling  fac to r v = 
2dc/a )'> . The magnetically induced 
W igner solid is expected to form  at fin ite  
temperature at a filling factor smaller 
than some critica l value vc w h ich has 
been estimated to be between 1/3 and 
1/11. The phase diagram is illustrated in 
Fig. 1.

n.

Fig. 1 The phase diagram for the classical 
and quantum Wigner solid indicating 
the classical melting temperature, the 
critical melting density and critical 
magnetic field.

Experimentally, the problem lies in the 
fact that the carrier density required for 
observing the quantum solid phase is 
very low  in III-V sem iconductors wh ich 
typ ica lly have low  effective  masses and 
large d ielectric constants: r„~  2-4 < < r,w . 
Electrons on helium have the opposite 
problem where the density is kept low  to 
avoid a destructive instability  of the 
helium surface: r, > 103 > >  r,w. The 
search should thus focus on material 
systems w ith  a large effective mass, a 
low  dielectric constant, and in situ 
density tunability . We should also search 
fo r other material features w h ich  favor 
the onset of crysta llization. This is the 
approach that we w ill be discussing.

W hat are the signatures fo r the form ation 
of the W igner solid phase? Just like its 
liquid counterpart, the electron solid is a 
collective phase; th is is in contrast to the 
gas phase where the picture of a non­
interacting gas usually suffices. The 
solid, however, should have rig id ity 
w h ich  w ill d istinguish it from  a collective 
liquid state. From magneto-transport 
experiments, one would expect some 
extrem ely large resistance associated 
w ith  the localization of the charge 
carriers onto la ttice sites and their 
inability to participate in the transport. 
But that in itself is not suffic ient since 
single-particle localization w ill also lead to 
insulating behavior. The current-voltage 
characteristics could however provide 
unambiguous evidence fo r a solid phase. 
The presence of an electric field 
threshold conduction is indicative of 
rig id ity: below threshold, the electrons 
are pinned which is not possible in a 
liquid phase, while , above threshold, a 
collective sliding m otion of the depinned 
electron solid occurs. The resistance 
below threshold is usually activated due 
to electrons excited across a "s ingle­
electron" disorder induced gap. The 
conduction here can involve the transport 
of electrons along the grain boundaries of 
the W igner solid or the transport of 
dislocation pairs. A lew  value of 
threshold field implies a long correlation 
length w ith  respect to  the W igner-Seitz 
radius. Another signature of the W igner 
solid is the increase of broadband noise 
as the threshold field is approached; this 
corresponds to the onset of sliding and 
the noise generated by the electron 
la ttice sliding by the pinning centers. 
There also should be a temperature 
above w hich the thermal disordering 
energy takes over and the solid "m e lts" 
as w e ll as a critica l carrier density above 
w hich the zero point oscilla tion energy 
overtakes the Coulomb interaction [10).

The w ork on the form ation of the 
classical W igner crysta l using electrons 
on a thin helium film  set the stage for 
e fforts  in sem iconductors. The substrate 
under the helium film  can provide
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suffic ient surface roughness to pin the 
W igner crysta l formed by the electrons. 
Associated w ith  this pinning are non­
linear current-voltage V-V) characteristics 
w h ich were firs t observed by Kajita 111], 
Above a threshold electric fie ld, the 
depinned crysta l slides like a sliding 
charge density wave. Experiments on a 
two-dim ensional sheet of electrons 
injected on a helium film  (thickness 20 0 ­
400  A), supported by a glass substrate, 
have shown that the transport properties 
of the pinned electron la ttice are very 
sim ilar to that of one-dimensional sliding 
charge density waves: characteristic non­
linear l-V  curves, melting temperature, 
and broadband noise generation 1121.

The in itia l e ffo rt in identify ing a W igner 
crysta l phase in sem iconductors was 
c a r r i e d  o u t  i n  G a A s / A I G a A s  
heterostructures [13-151. There, it was 
not possible to decrease the density 
su ffic ien tly  to observe the W igner crysta l 
at zero m agnetic field. Thus the 
experimental e ffo rts  were focused on the 
magnetic field induced W igner crysta l in 
the fractional quantum Hall regime. A t 
low fields, the quantum fluctuations 
dominate the Coulomb corre lations and 
the Integer Quantum Hall E ffect (where 
Pxv = h/ve2 and pxx ->0, v is an integer) is 
observed when weak disorder pins the 
Fermi level in the gap between Landau 
levels. As the field is increased further, 
the electrons behave as a correlated 
quantum liquid w h ich  exhib its the 
Fractional Quantum Hall Effect (where pxv 
= h/ve2 and v = p/q and p and q are 
integers and q is odd). A textbook 
example of these phenomena is shown in 
Fig. 2. Transitions to an electron solid 
phase are possible depending on which 
phase has the lowest ground state 
energy. Compelling evidence for the 
m agnetic field induced W igner solid have 
been provided by electrical, radio­
frequency and optical m agneto-transport 
experim ents near filling factor 1/5, 2 /7  in 
n-type GaAs/AIGaAs heterostructures 
and 1/3 in s im ilar p-type samples [161.

Fig. 2 Textbook example of the Integer and 
Fractional Quantum Hall Effects. From 
A. Chang, The Quantum Hall Effect, 
ed. R. E. Prange and S. M. Girvin, 
Springer-Verlag, New York, 2nd Ed. 
(1990).

In order to observe a quantum W igner 
crysta l, in the zero field lim it predicted by 
W igner, one must look fo r a material 
system  w ith  large e ffec tive  mass to 
m inim ize the zero point oscilla tion energy 
and a small d ie lectric constant to 
m axim ize the C oulom b corre la tion  
energy. Moreover, rt is im portant to be 
able to vary the density in a reliable and 
reproducible fashion. A lm ost optimal 
conditions can be created in several Si- 
based m aterials as shown in Table 1.

Other than the physical parameters of the 
m aterial, it is possible to choose a 
system w hich, by its epitaxial layered 
g row th , can enhance the form ation of 
the W igner crysta l. It is known that the 
coupling between tw o  electron systems 
separated by less than the interelectron 
distance favors W igner crysta llization 
117-181. Here, w e w ill look at tw o  
system s: S i-S i02 fie ld e ffect transistors 
o r  S i - M O S F E T s  ( m e t a l  o x i d e  
sem iconductor field e ffec t transistor) and 
p-type Si-SiGe-Si heterostructures.

SAMPLES

A number of Si MOSFETs grow n in 
Russia were studied in detail. The 
electron m obility  in these samples is an 
order of magnitude larger than that of 
commercial Si-MOSFETs and 2-4 tim es 
larger than that of the best Si-MOSFETs 
grow n for research purposes. This 
m ob ility  was achieved by careful 
processing to avoid highly d iffus ive  
contam inants such as Na and K ions, and 
repeated g row th  and stripping of the 
thermal oxide to ensure a smooth 
interface. The samples have the fo llow ing 
low tem perature peak m obilities: S i-15: μ 
= 7.1 x 10“ cm 2/Vs, Si-5: /y = 4 . 3 x 1 0 d 
cm 2/Vs, Si-11: μ = 3 . 6 3 x 1 0 d cm 2/Vs, 
and Si-2: μ  = 2 . 4 2 x 1 0 d cm 2/Vs. By 
applying a bias to the Al top gate, the 
carrier density can be varied from

5 x 1 0 10 to 10 12 c m 2. The longitudinal 
resistance is measured using a four probe 
technique w ith  a d iffe rentia l e lectrom eter 
and DC currents as low  as 0.1 pA. The 
Oxford Instrument low  tem perature 
system  consists of a top loading 40 0  ^W  
dilu tion refrigerator (25 mK < T < 4.2 
K) and a superconducting magnet (H -  
0-15 Tesla @ 4 .2  K). One of the main 
differences between Si-MOSFETs and 
G a A s / A I G a A s  m o d u l a t i o n  d o p e d  
heterojunctions is the location of the

d o p a n t s  
w h i c h  
contro l the 
s c a t t e r i n g  
events and 
hence lim it 
the m obility. 
I n  S i -  
M O S F E T s  
the dopants 
are located 
in the Si 
close to the 
i n v e r s i o n  
layer. The 
scattering is 
short range 
in this case. 
In contrast, 
t h e  I I I - V 
he te ros truc t 
ures have 
d o p a n t s  
s e p a r a t e d  
f r o m  t h e  
t w  o - 
d im ens iona l 
layer by a 
spacer layer 
a n d  t h e  
scattering is 
long range. 

Table 2 shows a comparison of these 
samples w ith  those used in the study of 
magnetic field induced W igner crystal 
from  the point of v iew  of "inherent 
d isorder".

Table 2
Relative Disorder in Very High M ob ility  

Si-MOSFETs and GaAs-AIGaAs 
Heterostructures

Si-MOSFETs GaAs-AIGaAs

n, (cm'2) 1-3x10'° 1012

π* / ns 0.1-0.3 10-15

setback distance d 50-100 A -500 A

setback/Bohr radius: 
d/an

2.5-5 5

In the d ilute lim it, where im purity 
scattering dominates, the Si-MOSFETs 
and the GaAs/AIGaAs are equivalent 
systems.

RESULTS

In probing the dilute density regime 
below 1 x 1 0 "  c m 2, a number of 
anomalous features were discovered in 
the m agneto-transport measurements at 
half-filled Landau levels (v = 5/2, 3/2).

Table 1. Comparison of parameters of interest for Wigner crystallisation

P aram eter Si /  SiG e Si /  S i0 2

Electron effective mass : 

m*
0.44 0.19

Dielectric constant :

< K >
12 7.7

Bohr radius :

_ _ ( 4 ^ „ X f t 2x )  

B r n e 2
14 A 20 A

Interelectron spacing : 

1

a “ ^ « ;
126 A

@ ns =  2 x1011 cm'2

182 A

@ ns =  9.6 x1010 cm'2
Wigner-Seitz radius : 

a

'  “ b
9 9

Critical concentration for 

quantum cold melting :

»  1n  = ----------------- r
* t t { r c a , y

where rc = 37 ± 5

(0.92- 1.59) x 1010 

cm'2

(0.43 - 0.70) x 1010 

cm'2

La P hysique au Canada m ars à avr i l  1 9 9 6  6 3



Some of these are shown in Fig. 3:

6 2.5 2

Fig· 3 The longitudinal and Hall resistances 
as a function of magnetic field for 
sample Si-5 at carrier density n, = 
9.33 x 10'° cm 2.

• Instead of regular Shubnikov-de Haas 
oscilla tions obtained from  measuring 
the resistance along the sample as a 
function of magnetic fie ld, the maxima 
in the Shubnikov-de Haas oscilla tion at 
half-filled Landau levels become 
enormous w ith  resistances ~  10 ,? ohms 
depending on the carrier density. The 
resistance goes back dow n to the level 
of a few  ohms as the magnetic field is 
swept into the quantum Hall m inima at 
filling  factors v = 2 and 1.

• If the magnetic fie ld is kept at one of 
the SdH oscilla tion maxima, and the 
current-voltage (l-V) characteristics are 
measured at constant density, the 
result is a sharp non-linear l-V  curve 
w ith  a low  threshold field value w h ich 
increases as the carrier density is 
decreased:

• The resistance at the SdH maxima is
therm ally activated below threshold 
w ith  p „  oc ■ ' The activa tion energy
increases linearly w ith  decreasing 
density.

• W h ile  the  la rge  re s is ta n ce  is 
developing along the sample, the Hall 
resistance across the sample remains 
m etallic as it does in the high density 
regime.

These surprising observations (191 led us 
to believe that the two-dim ensional 
electron gas was undergoing a series of 
re-entrant transitions from  an insulating 
state characteristic of some new phase 
to the non-interacting gas of the integer 
quantum Hall regime. In v iew  of the 
results a ttribu ted to a magnetic field 
induced W igner crystal near filling  factor 
1/5 in GaAs/AIGaAs heterostructures, we 
looked into the conditions required for 
W igner crysta llization in Si-MOSFETs and 
found them to be quite favorable in 
theory. The large e ffec tive  mass m * =
0 .1 9  m0 and the low  d ie lectric constant 
e = 7.7 set Si-MOSFETs apart from  
G aA s-A IG aA s h e te ro s tru c tu re s ; in 
addition, Si-MOSFETs feature a tw o-fo ld

valley degeneracy w h ich  is lifted by 
i n t e r v a l l e y  i n t e r a c t i o n  and t he  
asym m etric confinem ent potential (Δν = 
2 .4  K), and a large spin splitting w h ich 
persists down to zero field (Δ, = 4  K) due 
to the large spin-orbit coupling [201.

Because the Fermi energy is comparable 
to these splittings, polarization effects 
w ill be im portant. W hile the ground state 
energetics of the liquid phase is sensitive 
to the polarization state, the solid phase 
is relatively unaffected by polarization 
due to the weaker exchange energy. 
Whereas the Monte Carlo sim ulation for a 
pure system suggests that the transition 
to the W igner crystal should occur at r, 
= 37 19), a fixed node and variational 
Monte Carlo sim ulation incorporating the 
valley degeneracy and im purity e ffects in 
Si-MOSFETs yield a partia lly polarized 
flu id to a fu lly  polarized solid transition at 
r, = 7.5 |21 |! It should be possible then 
to observe the quantum W igner crysta l at 
zero magnetic field in very high m obility 
Si-MOSFETs!

Theoretically, there is little  doubt that, 
for zero disorder and zero temperature, 
the 2D electron gas w ill crystallize into a 
W igner la ttice upon lowering the density. 
It is also accepted that, in the lim it of 
s t r o n g  d i s o r d e r ,  s i n g l e - p a r t i c l e  
localization w ill set in. Our samples w ith  
m inimal disorder provide an intermediate 
regime where a collective insulating state 
like the pinned W igner solid 1221 or the 
pinned charge density wave [231 might 
exist. The study of the zero field 
longitudinal resistance as a function of 
carrier density and tem perature led to the 
fo llow ing experimental observations:

• Below a critica l carrie rdensity  nsr ~  1 0 " 
c m 2, the long itud ina l re s is tiv ity  
e x h i b i t s  i n s u l a t i n g  b e h a v i o r  
characterized by an exponential rise 
shown in Fig. 4(a) and a negative 
slope in the temperature dependence 
dR../3T.

Fig. 4(a) The longitudinal resistivity as a 
function of carrier density for 
sample Si-2 at zero magnetic field.

• In the tem perature range 100-650 mK, 
the temperature dependence of R„, can 
be described by RK, oc θ λλ1  where the 
activa tion energy Δ drops linearly to 
zero at nsc as shown in Fig. 4(b).

Fig. 4(b) The carrier density dependence of 
the activation energy and the 
threshold electric field for sample 
Si-2. The critical density is n_ = 
10.05 x 10'° cm 2.

15
>a

-5

-15
- 1.0

( a ) r  ~
f

- . J r = 3 5 m K

η » = θ .3 2

-0 .5  0 .0 0 .5Cu rren t (nA) 1.0

5

Fig. 5(a) The current-voltage characteristics 
at carrier density na = 8 .3 2 x1 0 '°  
cm 2 and zero magnetic field for 
sample Si-2.

Fig. 5(b) The broadband noise voltage 
measured betw een po te n tia l 
contacts as a function of the 
source-drain current.

Fig. 5(c) T w o  in d e p e n d e n t s pe c t r a l  
measurements of the narrowband 
noise driven by the DC current.
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• The current-voltage characteristics 
exhib it a sharp drop in áV/91 above a 
threshold electric field E, as shown in 
Fig. 5(a).

• The threshold fie ld goes to zero
sm oothly at nsc as shown in Fig. 4(b). 
The data can be fitted  w e ll by a power 
law E, «  ônsr where γ = 1.7-1.8
and δη, = (nsc-ns) (see Fig. 6). More 
accurate measurements have actually 
revealed a small d iscon tinu ity  at nsc 
pointing to a firs t order transition |24 |.

• The dependencies of the activa tion 
energy and the threshold field on 
carrier density is sample independent. 
However, the critica l carrier density is 
lower fo r higher m ob ility  (less 
disordered) samples.

• The sharp rise in conduction is 
accompanied by a steep increase of 
the broadband rms-noise voltage 
(V N) as a function  of current (see 
Fig. 5(b)). The broadband noise was 
measured at tw o  nearest potential 
contacts in the 1-300 kHz frequency 
ba nd.

• The narrowband noise shown in Fig. 
5(c) has a reproducible frequency 
spectrum w h ich sh ifts  to higher 
frequency as the driving current is 
increased. The maxima in the signal 
am plitude occur at frequencies which 
can be related to the 2D electron 
la ttice constants.

Fig. Θ The dependence of the threshold 
electric field on the carrier density 
variation n^-n, for sample Si-2. The 
solid line is a f it to E, = δη,' 8 while 
the dashed line is the theoretical 
dependence E, = δη,'

These zero magnetic fie ld transport 
signatures are sim ilar to those observed in 
the classical W igner solid of electrons on 
helium and the m agnetic-field induced 
W igner solid near fractional filling  factor 
1/5. In the very high m ob ility  samples, 
these features are also seen at filling 
factors 3/2 and 5/2 at magnetic fie lds 
below 5 Tesla. But let us forget th is fo r a 
moment and play de v il’ s advocate. Could 
this be sim ply a m anifestation of single­
particle localization (SPL)? In disordered 
sem iconductors at low  temperature, 
transport takes place by means of

phonon-assisted tunneling to states wh ich 
are close in energy. The tunneling 
distance to a state w ith in  kBT of the Fermi 
e n e rg y  inc reases  w i t h  de crea s ing  
tem perature. This variable range hopping 
process has a characteristic power law 
dependence of the res is tiv ity  on the 
tem perature: p(T) = PoexpfTo/T)* where x 
= 1/3 fo r single partic le localization in 2D 
w ith o u t C ou lom b in te ra c tio n  | 25 | .  
Experimentally, we cannot f it  our data to 
variable range hopping but observe an 
activated tem perature dependence w ith  x 
= 1; more recent results, in sim ilar
samples, have provided evidence for a 
Coulomb gap ( x = 1 / 2 )  in the density of 
states at the Fermi energy, in an 
interm ediate tem perature range (26 |. In 
SPL, the  th re s h o ld  c o n d u c tio n  is 
associa ted w ith  the  b reakdow n of 
localized states when βΕ,ξ0 (where E, is 
the threshold and ξ0 is the localization 
length) is comparable to the Fermi energy 
E,. For the low  threshold field at 
δη, = 0.1 x 10 10 cm 2 and EF = 6 K, the 
localization length w ould have to be 
longer than the sample itself i.e. c„ = 6 
mm. The threshold fie ld typica l of SPL is 
of order 2 .9  x 1 0 3 V /cm  [27]  for our 
experimental conditions. Our threshold 
fie lds are five  orders of magnitude 
smal l er .  A series  o f ca p a c ita n ce  
measurements on these samples also 
show  tha t the e ffe c tiv e  area fo r 
conduction does not change as the carrier 
d e n s i t y  is d e c r e a s e d  | 2 8 | .  Ou r  
experimental results are therefore not 
c o n s i s t e n t  w i t h  s i ng I e - pa r t i c I e 
loca liza tion . H ow eve r, s ing le -pa rtic le  
localization is expected to become 
dominant in the regime where the number 
of carriers has been decreased so much 
that it is equal to the number of pinning 
im purities in the oxide layer. The more 
rapid increase of the threshold field below 
7 . 5 x 1 0 ' °  c m 2 is a precursor of this 
phase.

Let us consider the data in the 
fram ew ork of a pinned W igner crysta l. By 
draw ing an analogy to a charge density 
wave (CDW), it may be easier to 
understand the experimental results. 
Charge density waves are predominantly 
a one-dimensional phenomenon although 
they also occur in m aterials w ith  tw o  or 
three-dimensional band structures |29 |. 
Chain and layer structures in w h ich CDW 
transitions have been studied include 
organic conductors such as TTF-TCNQ 
(tetracyanoquinodimethane) and linear 
chain inorganic m aterials such as TaS3, 
NbSe3 and blue bronze K03M o 0 3. In these 
m aterials, the electron density is spatially 
dependent consisting of the unperturbed 
electron density in the absence of 
electron-phonon in teraction given by p 0 
= n/kf  in one-dimension, and a collective 
mode formed by electron-hole pairs 
involving the wave vector q = 2kr :

pU) = P o + p ^ o s & k , r + Φ )

where kf  is the Fermi w avevector and Φ 
is the phase. The collective mode results 
from  the pairing of electron and holes on 
either side of the Fermi suface to form  a 
condensate called a charge density wave

and an accompanying lattice d istortion. 
As in superconductivity, there is a gap in 
the single-particle excita tion spectrum , a 
collective mode described by a complex 
order parameter, and a phase whose tim e 
and spatial derivatives are linked to 
electric current and condensate density. 
Both amplitude and phase fluctuations 
can occur but whereas the am plitude 
mode has a gap, the phase excita tions 
are gapless. Pinning is a central concept 
in CDW physics as the translational 
sym m etry is broken by electrostatic 
potentials caused by im purities and grain 
boundaries w h ich serve to pin the 
co llective mode. The CDW system s are 
composed of normal electrons coexisting 
w ith  a condensate and scattering w ith  
the norm al e lec trons reduce the 
coherence length. Among the transport 
properties associated w ith  the dynam ics 
of the collective mode are (1) non-linear 
electrical conduction w ith  a threshold 
electric field, (2) a m etal-insulator or a 
m etal-sem iconductor transition below a 
d i s t i n c t  m e l t i n g  t e m p e r a t u r e  
accompanied by a periodic la ttice 
d is to rtion  incommensurate w ith  the 
u n d e rly in g  l at t i ce,  (3) anom a lous 
m icrowave conductiv ity , (4) dc and ac 
excita tions dominated by the collective 
mode dynam ics, and (5) strong frequency 
dependent response in a broad frequency 
range. In studying such system s it is 
essential to examine intrinsic defects due 
to thermal fluctuations as w e ll as 
defects, vacancies and dislocations 
induced by quantum fluctuations as they 
are believed to play an im portant role in 
the melting transition.

W hat drives the conduction in the CDW? 
Let us imagine that a CDW is pinned by 
the electrostatic potential w ell of an 
im purity . If an external electric field is 
applied, the CDW deform s around the 
pinning center but electrons remain 
constrained by the phase coherent CDW. 
The electrons w h ich have not condensed 
in a CDW can still contribu te to 
conduction by thermal activa tion across 
the gap but because of the ir low density 
the res is tiv ity  of the pinned CDW is high. 
A t low  temperatures when all electrons 
have frozen out, the activa tion energy is 
related to the energy required to change 
the phase of the local CDW in a coherent 
domain by 2tt. Above a critica l threshold 
fie ld, the entire CDW can become 
depinned and slide coherently in the 
direction opposite to that of the applied 
electric field. The diffe rentia l res is tiv ity  
drops sharply giving rise to sharp non­
linear l-V  characteristics. The larger the 
number of pinning im purities, the greater 
the loss of phase coherence and the 
smoother the l-V characteristics. As the 
CDW slides past stationary im purity 
potentials, the voltage noise generated 
by the perturbation of the im purity 
potential w ill depend on the current, the 
carrier density and the period of the 
CDW. The size of the phase coherent 
domains is defined by the correlation 
length w h ich  can be measured from  the 
transverse shear modulus, the threshold 
fie ld, the interelectron spacing, and the 
carrier density.
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In analogy to CDW system s, the electron 
solid form s in the presence of a 
neutralizing background charge which 
fixes the density when the potential 
energy between the localized electrons 
dom inates all other energies in the 
problem. In most samples, the solid 
phase coe x is ts  w ith  uncrysta llized  
electrons. However, the phase coherence 
length remains large compared to the 
interelectron spacing in the electron solid 
(in GaAs: 4.8/ym > > 100r, ~  300 Λ). Thus 
quantum depinning and defect waves or 
dislocation pairs are possible in electron 
system s but unlikely in CDW. The type of 
pinning, weak or strong, w ill depend on 
the location, nature (acceptor or donor), 
and number of pinning im purities. A 
successful model for the conduction 
mechanism in the W igner solid has been 
developed by Chui. The model assumes 
that the charge carrying excita tions are 
bound dislocation pairs. A single 
d islocation can be visualized as a sh ift of 
the electrons from  equilibrium position 
w h ic h  can be de sc rib e d  by a 
displacement fie ld. A dislocation pair 
consists of tw o  dislocations w ith  
displacement fields in opposite directions; 
there is a net displacement of charge 
between the dislocations and the motion 
of th is locally altered density is possible 
w ith  resulting conduction. This is 
equivalent to the phase slip model in 
CDW.

If w e review  the experimental results, the 
sim ilarities between the pinned charge 
density wave and the pinned electron 
solid are strik ing. There is a critica l 
density and a critica l temperature below 
w hich the insulating phase appears. The 
transition at the critica l carrier density is 
weakly f irs t order in character. The non­
linear l-V  cha rac te ris tics  can be 
interpreted as showing that at small 
currents the W igner crysta l is pinned by 
the neighboring im purities until the 
threshold field is exceeded and the 
W igner crysta l slides. Over the range of 
densities 7.2 x 10 '° - 1 . 0x  1 0 " c m 2 the 
threshold field decreases as E,»=(nc-ns)s 
where β =  1.7-1 .8. This is in agreement 
w ith  a depinning mechanism involving 
the creation and separation of dislocation 
pairs [30 ]. The theoretical model agrees 
w e ll w ith  the experimental results as 
shown in Fig. 6. The fact that the sub­
threshold activa tion energy below 100 
mK is much smaller than that above is 
c o n s is te n t w i t h  ex te nde d  def ec t  
conduction [311. If one ignores quantum 
coherence effects, the m otion of 
extended defects and in particular that of 
dislocation pairs is equivalent to phase 
slippage in a charge density wave [32 |. 
The σχχ versus electric field curves can be 
fitted  to a phase slippage equation of the 
type:

σχχ = (l0//cE)eli/kTI sinh [neE/x/kT|

where lc is the intercontact distance, l0 is 
related to the current created by a single 
phase slip and /, is a characteristic phase 
slip length. The value of I, obtained from  
the f it  in Fig. 7 is 0 .23  μπ\, or ten tim es 
the interelectron spacing.

Fig. 7 Conductivity versus applied electric 
field for sample Si-5 at n, = 
6.69 x 10'° cm 2. The solid lines are a 
single f it to the data at both 
temperatures using phase slip model.

W hat inform ation can we get about the 
collective transport of depinned domains 
above the threshold field? By using the 
approach of elastic theory [33] as applied 
to charge density waves in the weak 
pinning lim it, w e can estim ate the 
corre lation length or domain size, L0 as 
( / ίΓ3/(2πθη,Ε ,))Λ w here  KT is the 
transverse shear modulus, and a is the 
interelectron spacing. The experimental 
dependence of the threshold field on the 
carrier density shows that the correlation 
length diverges as (δη ,)09 and thus L0 
becomes smaller as the density is 
decreased, driving the system towards 
single-particle localization. Single-particle 
localization does have "its  place in the 
sun" in the phase diagram.

The activation energy and the threshold 
fie ld can be used to extract some 
characteristic length scale for the 
electron solid, e.g. the elementary 
crysta llite  size of the pinned W igner solid. 
For a carrier density n, = 8 . 4 x 1 0 ' °  c m 2, 
the sample typ ica lly  consists of pinned 
crysta llites approxim ately 0 .7  μπη x 0 . 7  
/vm in size each containing about 300 
electrons w ith  an interelectron distance ~ 
400 Â!

The generated broadband noise shown in 
Fig. 5(b) is also consistent w ith  depinning 
of the W igner crysta l or coherent defect 
m otion above threshold. The narrowband 
noise should yield frequency peaks 
related to the principal la ttice spacings. If 
we assume that the electron lattice 
extends across the entire 2D layer of 
w id th  w  and that the tota l current I is 
only provided by the sliding lattice, the 
spectral maxima w ill be related to the 
principal la ttice spacing η, as η, = 
l/ le ^ iv r i,) .  For a hexagonal la ttice sliding 
in a random field of point defects, η, = 
b, η 2 = \ 3  b, and η 3 = 2b where b is 
the distance between nearest neighbor 
electrons. Experimentalists have been 
urged to try  this extrem ely d ifficu lt 
measurement as it could provide the 
de fin itive  signature fo r la ttice ordering of 
electrons- the "sm oking gun” for W igner 
crysta llization. A lthough there are peaks 
in the narrowband spectrum and the

frequency sh ifts  w ith  current, there is no 
simple relation that can be applied to link 
the results to a hexagonal or triangular 
la ttice sym m etry. It is likely that part of 
the current is provided by "uncondensed" 
electrons hopping beyond the lattice.

Fig. 8 Phase diagram for the tw o ­
dimensional electron system showing 
the critical density versus the sample 
peak mobility.

By studying samples in a w ide range of 
m obilities and carrier densities, w e have 
been able to probe the effect of 
"d isorder" on the development of the 
insulating phase. Fig. 8 shows the phase 
diagram for the form ation of the 
collective insulator phase or quantum 
W igner solid confined between the 
m etallic state above the cold melting 
boundary ncm (full line) and the Anderson 
insulator or the regime of single-particle 
localization below the nS|, boundary. By 
using a calculation by Gold 1341 for the 
m obility  of S i(100) inversion layers, we 
obtain a satis factory model fo r the peak 
m obility  versus carrier density in our 
samples. The number of im purities n,- is a 
better indicator of disorder as the 
im purities are the main source of 
scattering at low densities (below 
2 x 1 0 "  c m 2). The boundary for SPL is 
estimated from  n, and depicted by a short 
dashed line. This is the highest estimate 
for SPL in our samples where the surface 
roughness is much lower than that used 
to calculate n, and nsn. The fu ll triangles 
indicate nSPl estimates if the domain 
length LD is tw ice  the interelectron 
distance Ln = 2a. The solid line is the 
calculated dependence of the cold 
melting density on n. using the mean 
square displacement as a function of n, 
and an estimate of the cold melting 
density as n, goes to zero. The 
calculation of the transition from  a 
polarized WS to a partia lly polarized liquid 
at rs = 10 (n, ~  7 . 6 5 x 1 0 ' °  c m 2) is 
represented by a bar 1211 and is in 
agreement w ith  the data for Si-5 and Si- 
11. This phase diagram also explains 
w hy such a co llective phase was not 
observed by other groups using lower 
m obility  samples and suggests that we 
should be looking for a material system 
w ith  as good if not better material 
parameters than the high m ob ility  Si- 
MOSFETs studied here. Thus there is 
mounting experimental evidence for a 
low  temperature transition to a collective
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insulator at zero m agnetic field in high 
m obility Si-MOSFETs. This collective 
insulating phase has the transport 
characteristics of a W igner solid.

The tem perature dependence of the zero 
field resistance as a function of carrier 
density is also host to some more 
fundamental physics: tha t of scaling and 
universality. For more than tw o  decades, 
it has been generally accepted tha t, at 
zero magnetic field, all states are 
localized in a two-dim ensional system  for 
an in fin ite sample as T—>0 13 5 1. In 
contrast, a three-dimensional system can 
susta in  a m e ta l-insu la to r trans ition  
because the electrons are localized only 
when the Fermi energy lies below a 
m obility  edge Ec. The conventional 
w isdom  in 2D system s has recently been 
questioned as a result of a number of 
experimental results in superconducting 
thin film s, and in high-m obility Si- 
MOSFETs 136-371. In add ition , a 
theoretical study of noninteracting 2D 
electrons in a model disorder potential 
w ith  a random set of special scatterers 
showed that, at zero m agnetic field, the 
system  is localized only when Er < Ec 
1381. In material system s where the range 
of the scattering centers is short (as in 
MOSFETs), s im ilar to Azbel’s model 
potential, a "tru e " zero magnetic field 
m etal-insulator transition may be allowed 
in the lim it of zero temperature. The 
res is tiv ity  as a function of temperature 
over a w ide range of densities (7.12 -> 
1 3 . 7 x 1 0 ' °  c m ’ l in a h igh-m obility Si- 
MOSFET sam ple (Si -12b;  μ ιη„, = 
3 .0  x 104 cm 2/Vs) can be made to overlap 
by scaling along the temperature axis. 
The res is tiv ity  can be represented in 
term s of a ratio T/T0 where T0 depends 
only on the density. The data collapses 
on tw o  separate curves one for the 
insulating side of the transition and the 
other for the m etallic side as shown in 
Fig. 9. One of the signatures of a phase 
transition is the scaling of an appropriate 
physical parameter. It would seem then 
that the results are in agreement w ith  
Azbel’s model but in contradiction w ith  
that of Abrahams and co-w orkers; this 
suggests that there is a "tru e " metal 
insulator transition in the two-dim ensional 
electron system  in Si at zero maqnetic 
field.

Si-SiGe-Si QUANTUM WELL 
STRUCTURES

The experimental results on high m obility  
Si-MOSFETS have been reproduced in at 
least four d iffe rent laboratories around 
the w orld . However, there is only one 
batch of such samples and it is very 
d ifficu lt, w ith ou t a large investm ent in 
tim e and manpower, to fabricate more of 
these. We have thus turned to 
p se ud om orp h ic  S i-S iG e-S i h e te ro ­
structures w h ich  are grow n, either by 
molecular beam epitaxy or ultra-high 
vacuum chemical vapor deposition 
techniques, in a large number of 
laboratories and may be better suited for 
studying W igner crysta llization. The 
im portant features of the p-type Si-SiGe- 
Si quantum w e lls  are that the 2D holes

have a large e ffec tive  hole mass, 0 .42 m0 
w h ich  is tw ice  that of electrons in the Si- 
MOSFETs. This has been checked in our 
samples by analysis of the low-fie ld 
Shubnikov-de Haas oscilla tions and by 
cyc lo tron resonance [39-411. A lthough 
the d ie lectric constant ε ~ 12.6 is sim ilar 
to that of GaAs-AIGaAs heterostructures, 
the sym m etric confinem ent of holes in 
the SiGe well can lead to coupled 2D 
hole gases. As pointed out in Table 1, at 
a carrier density of 2 x 1 0 "  c m 2 in Si- 
SiGe heterostructures, the W igner-Seitz 
radius is identical to that in S i-S i02 and 
the quantum cold melting critica l density 
is tw ice  as large because of the larger 
e ffective  mass!
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Fig. 9 Resistivity versus T/T0 where T0 is the 
scaling parameter. The open symbols 
correspond to the insulating side of 
the transition while the closed ones 
correspond to the metallic phase.

The Si-Si087Ge013-Si heterostructures 
were grown on an n Si (100) substrate 
by m olecu lar beam ep itaxy . The 
sym m etrica lly -doped  = sam ples w ere  
grow n on a 500 = A i-Si bu ffe r and 
consisted of a 500 A Si layer modulation- 
doped w ith  boron acceptors at 10 ,a c m 3 
and a 300 A i-Si setback on each side of 
a Si0 87 Ge013 quantum  w ell of thickness 
d  . A set of samples was grow n w ith  d  
= 45, 65, 90 ando115 Λ. The cap layer 
consisted of 400  A of B-doped Si. This 
is shown in Table 3.

The samples were patterned as Hall bar 
structures 10 mm long and 2 mm w ide. 
Ohmic contacts were made using Al 
evaporation and annealing below the 
eutectic point.

A number of unexpected results were 
obtained in these samples:
• The SdH oscilla tions in the 1 15 A well 

are typica l of tw o  subband population 
as shown in Fig. 10. These are not 
oscilla tions from  tw o  independent hole 
gases at each interface as was

observed in larger w ells but rather the 
population of the heavy hole and the 
light hole ground subbands. This 
in terpretation is borne out by k«p  
Lu ttinge r H am ilton ian ca lcu la tions 
1411.

Table 3
The MBE-grown Si-Si08,Ge013-Si 

Heterostructures

• There is a large peak in the 
longitudinal resistance at filling factor 
3/2 fo llowed by a deep minimum at 
filling  factor v = 1. The Hall resistance 
is not anomalous at the half-filled 
Landau level and displays a well 
developed plateau h/e2 when the 
longitudinal resistance is at its 
m inimum.

• For the narrower 90 and 65 A wells, 
there are large longitudinal resistance 
peaks at both v =  3/2 and 5/2, re­
entrant w ith  deep minima at v = 1 
and 2.

• The tem perature dependence of the 
current-voltage characteristics taken at 
v = 3/2 fo r the 65 Λ well reveal that 
the onset of the large resistance 
maxima (>  > h/e2) occurs around 500 
mK (see Fig. 11).

Magnetic Field (Tesla)

Fig. 10 Longitudinal resistance as a function 
of magnetic field for different SiGe 
quantum well widths at T ■* 25 mK.
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Fig. 11 Current voltage (l-V) characteristics 
as a function of temperature for v = 
3/2 at B = 7.75 T for the 85 A well.

• Sim ilar results are shown in Fig. 12 for 
the 90 Á  w e ll w ith  the sub-threshold 
resistance at v = 3/2 increasing by 
tw o  orders of magnitude below 500 
mK. the inset shows the thermal 
activa tion of the d iffe rentia l resistance 
where dV/d l «  e ^  w ith  Δ = 0 .47 K 
in the tem perature range above 100 
mK.

A lthough these results have been taken 
at a fixed density — 2 x 1 0 "  c m 2, the 
basic features of large longitudinal 
resistances at ha lf-filled Landau levels, 
non-linear l-V  characteristics w ith  low 
threshold fie lds, and thermal activation of 
the resistance are very sim ilar in nature 
to those in the Si-MOSFETS. In the light 
of the scaling behavior of the zero 
m agnetic field resistance in Si-MOSFETs, 
we have also looked at the temperature 
dependence of the longitudinal resistance 
at zero field fo r d iffe rent w e ll w id ths.

I  o
«
i

DO 01  0 2 0 3 0 4 0 5 0 5

Temperature (K)

30

Fig. 12 Temperature dependence of the 
differential resistance for the 90 A 
well at v = 3/2 and B = 7.95 T. The 
inset shows activated behavior in the 
higher temperature scale.

As shown in Fig. 13, there is a transition 
from  an insulating phase where p_ 
decreases w ith  tem perature for the 65 A 
w e ll to a m etallic phase where p „  
decreases> w ith  temperature for the 90 A 
and 115 A w e lls . This is consistent w ith  
the fac t that the carrier density is 
decreasing w ith  decreasing w e ll w id th .

The curves also appear to converge near 
a critica l res is tiv ity  of h/2e2. These 
features are sim ilar to those observed in 
superconducting th in film s of Bi as a 
function of thickness, and Si MOSFETs 
and GaAs-AIGaAs heterostructures as a 
function of carrier density. Further study 
of scaling parameters w ill require the 
variation of the density in the Si-SiGe-Si 
heterostructures. From other w ork  [42 |, 
w e know that the critica l density in these 
system s is s lightly above our fixed 
density. We must also investigate the 
role of disorder in the onset of these 
transitions by studying higher m obility 
and hence higher Ge content samples.

Fig. 13 Temperature dependence of the 
longitudinal resistivity in a vanishing 
magnetic field for different SiGe 
quantum well widths.

CONCLUSION

The w ork  on Si-MOSFETs has provided a 
phase diagram for the form ation of a 
quantum W igner crysta l at zero magnetic 
field as a function of disorder. It was also 
established that a fu lly  spin-polarized 
W igner crysta l could exist re-entrantly 
w ith  a partia lly polarized quantum liquid 
or gas in the quantum Hall e ffect regime 
in very high m obility  samples only. The 
study of the re-entrant insulating phase in 
sem iconductor heterostructures has also 
led to the defin ition of a new type of 
insulator, "the Hall insula tor" 1431, for 
w h ich  the Hall res is tiv ity  remains m etallic 
w h ile the longitudinal res is tiv ity  becomes 
infin ite. The system par excellence to 
study the W igner crysta l state is one 
where the effective mass is large, the 
d ie lectric constant and the amount of 
disorder are small, the carrier density is 
tunable and the material system imposes 
some sort of inherent coupling either 
w ith  non-degenerate valleys as in Si- 
MOSFETs, or by lifting  the degeneracy 
between the sym m etric and an ti­
sym m etric states through the valence 
band anisotropy as in the Si-SiGe system. 
F in a lly , the re  is now  m ou n tin g  
e x p e r i me n t a l  e v i d e n c e  t ha t  t he 
A b r a h a m s - A n d e r s o n - L i c c i a r d e l l o -  
Ramakrishnan theory fo r w h ich a metal- 
insulator transition in an in fin ite 2D 
system , at zero magnetic field as T -»0 is 
forbidden, is inappropriate in 2D systems 
w ith  short range scatterers.

We have only begun to explore the phase 
diagram for the form ation of a W igner 
solid in two-dim ensional electron and 
hole systems. The mapping of the phase 
boundaries as a function of temperature, 
density, magnetic field and disorder is a 
challenging task. As better samples 
become available, a fu ller story on the 
richness of the d ilute density regime can 
be w ritten .
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